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Fall 2020

Problem 1 (4.9, #1c). Use the Composite Simpson’s rule with n = 8 to approximate
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Singularity at x-- l : Want 4 -thTaylor polynomial of Inks around x-- I .
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First integrate

§ dx = [(G- isms - 4-72*+1×-3
"'s.
-

G-Y'"5) d,
=⑤ex- 13915 - ¥44741 + fat - E,

"s)?
= [Iq - Igt ÷ - 20.412620092

Now
,
define

GG) = {
"YE'T, iexez

O X =/

Then
, using Composite Simpson's with n=8 (h-- 2ft =L) :
2 I 4 2 4 2 42 4 I§ Glidden 20.0203547013 .

I l l l l l l l l
l l 1.25 1.5 1.75 2

Thus
,

Si isdx-S.GHdxi-S.IE#iisdx
20.0203547013 t 0.4126200919=0.4329747932



Problem 2. Consider a function f : R ! R that is continuous and di↵erentiable. Show that |f 0(x)|  L for
all x 2 R if and only if f is Lipschitz continuous with Lipschitz constant L.
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IfCt, ya -Slt,yal 'Llya - yal

y
IHA -Style Llx - y I

First
, suppose If

' G)I '- L for all x. Now ,
let x. ye IR .

Then
, by the

Mean Value theorem
,

f-GD - fly) = f
'

(5) (x- y) for some 5 C- G.y).

Thus
, IHA - fly> I = If'm Ix -yl s Lk-yl ,

so f is Lipschitz continuous with Lipschitz constant L .

Now
, suppose that f is Lipschitz continuous with Lipschitz constant L .

Then
,
txt IR

,

If 'G)I =/ Ligo t↳thy -⇒ / = Limo 18kthis,- SKY
±
'
n'Io
"'Thi'

- it
= hi:O 4¥ -- Lifo L-- L

Thus
,
If' let the IR .



Problem 3. Show that if f : R ! R is Lipshitz continuous, then f is continuous.

3

Suppose f is Lipschitz continuous , so Vx , y ER , HH - flyHellx- yl .
Now

,
let X E IR and Es O

.

Then
,
let D= I

.

Then
, Hye IR with Ix-glad ,

If - fly)) e L Ix -yl a Ld =L . E -- E .

Hence
,
we have that f is continuous

.

In fact
,
f is uniformly continuous since the d doesn't depend on x :

Let e> O and f- E
.

Then tx
, ye IR sit. Ix-glad , HGS - fly) l a E .

Student solution:

wehave Ifk) - fly) I s Llx - yl . We want to show that as Ix -yl -20
IHA - fly) I → O .

This follows immediately .
Ci) Lipschitz means Os ISH - fly)I e Llx- y l

" t t
O I O e o

② continuity means that IHA -slept -20 as Ix- yl→ O



Problem 4 (5.1, #4b). Let f(t, y) =
1 + y

1 + t
.

1. Does f satisfy a Lipschitz condition on D = {(t, y) : 0  t  1,�1 < y < 1}.

2. Can Theorem 5.4 and 5.6 be used to show that the initial value problem

y0 = f(t, y), 0  t  1, y(0) = 1,

has a unique solution and is well-posed?

4

I
.

First
, 0¥ Ct , y) = It .

Thus
,
on D

,

I # (t.gs/--tTt- ± IT =/ since Oe te l
.

Hence
, by Theorem 5.3 , f is Lipschitz in y on D with Lipschitz constant

1=1
.

2
.

Since f is continuous (in both y and t) on D
,
Theorem 5.4 and S. 6

imply that the mitral value problem has a unique solution and is well- posed, respectively.



Example of function f which is Lipschitz in y but not continuous :
Let D= { Lt , y) : Oeta , - way - o} . Let Ht ,g) = glt) . y
where gct) = { 0 ,

a- teas

I
,
t so. S

.

Then
,
f is clearly not continuous in both Lt , y) due to the discontinuity of g.

Still
, of Lt ,g) = gut , so I # It,ys/= Ight 's I =L

Thus
, by Theorem 5.3 ,

Sis Lipschitz ing on D with Lipschitz constant 2=1
.


