
Math 128A: Worksheet #13

Name: Date: November 30, 2020

Fall 2020

Problem 1. Show that the product of two n⇥ n lower-triangular matrices is lower triangular.
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*
Suppose A and B are lower triangular , so for jai , Aij --Bij -- O . Then , for ;si

(ABS = In
,

Air
.Bk; Air

.Brig = IiAik . 0=0
q r

Aik-- O fork> i for Kali - --si , keiaj , so Bkj = 0

Thus
,
AB is lower triangular.



Problem 2. Show that the inverse of a non-singular n⇥ n lower-triangular matrix is lower triangular.
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We
prove

this by induction on n .

For n--I
,
it is obvious (every 1×1 matrix is lower triangular)

For n--2
,
if L is lower triangular , then L has the form L = (I %)

.
Notice

,
detL = ad

,

and since Lrs nonsingular, detLEO .

Thus
,
adto

.

Now
,
I
'
= at Edc Oa)

,
which is lower triangular .

Induction hypothesis: for all Ken , the inverse of a kxk nonsingular lower triangular
matrix is lower twangulcer.

Now
,
let L be a (NH)x(htt) mousingulcer lower triangular matrix . Then, we canwriteN l

Ln O n

[ = (ft em,¥ '

>T

where v = Lena , i - -
- Lun

,
n) is a Ix n vector and Ln is an nxn lower triangular matrix.

Now
,
write E

'

in the same block structure :

i
' -1¥ It

where A- is a nxn matrix , B ,
I are nxl vectors

,
and d is a scalar

.

Then
n l

n

f it- Inn -- it -1¥Ht: :¥=t÷÷:: : ::L .

Then
,
lute

,
an
B-- O

,
so wemust have5=0 since late

,
uh I0 as L is nonsingular.

Also
,
wehave In= ALntb IT = ALn , so A- =Lii

.
Hence

, by the induction

hypothesis , Ars lower triangular. Thus ,

" =L# It
is lower triangular.
Hence

, by induction , wehavethat the inverse of a nonsingular lower triangular
matrix is lower triangular.



Problem 3. Use mathematical induction to show that when n > 1, the evaluation of the determinant of an
n⇥ n matrix using the definition requires

n!
n�1X

k=1

1

k!
multiplications/divisions and n!� 1 additions/subtractions.
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Base case: n=2
.

If A- (Ibd)
,
then det A- ad-be

, requires

2 multiplications / divisions and I addition subtraction
.
Now

n ! i ÷ = 2! E.¥
.

= 2! (÷) -- 2 U

n! - I = 2 ! - I = 2-1=1 V

Induction hypothesis: Suppose that evaluating the determinant of an nxn matrix requires
n! EE÷ multiplications /divisions and n! - l additions subtractions

.

±

Now
,
let A- be an@tDxCntDmatrrx.Then.detA-EtDitJaijMij.Here , each Mig

is the determinant of an nxn matrix , which takes n! EE¥. multldiv and n ! -I add lsubtn
.

Thus
,
detA takes GtxItn!Ein) multidiv and CntHn! -D th add lsubtr

. Now
,

GH)(Itn! Ei÷) -- Eth Cretin! Ei÷. = Cnn!÷ tlntm.EE#=CntD!n4.tEIt.)--CntD! E.÷ , as
desired

.

(htt)(n! - l) tn = (nthn! -htt) th= (NH)! - I , as desired .

Hence
, by induction , we havethe result.



Problem 4. 1. Show that solving Ax = b by first factoring into A = LU and then solving Ly = b and
Ux = y requires the same number of operations as the Gaussian Elimination Algorithm 6.1

2. Count the number of operations required to solve m linear systems Ax(k) = b(k) for k = 1, . . . ,m by
first factoring A and then using the method of part (c) m times. Compare this to doing Gaussian
Elimination m times.
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I
.
Wefirsthave that LU factorization

requires In
'
- In multldiv .

and

f- n' - In'tIn addlsubtr. Then, solving Ly=b (where Lii -- I for all i) takes
In2- In multldiv and In2- In addlsubtr. Finally, solving Ux --y takes In'tEn mnltldiv
and In'-In addldiv . Thus in total :

#multldiv : In'-In ttzn'-Int In2tIn= In'tn2- In

# addlsubtr: Ins -IRtfn +In2- In +In2-In#n3tIn2 - In
This is the same as Gauss. Elim .

2
.
LU factorization once: In' - In midHdtv and Iris - In' tf n addlsubtr.

m solves Lyme b
"
: m (In'- In) multldrv and m(In'- In) addlsubtr.

m solves that - yl" : m (In'tIn)mulHdn and m(In
2- In) add lsubtr

.

total #muttldiv : Ins -In tmftzn'-In)tm(In'tEn) = In't mn2 -In
total #addlsubtr. : In' - In'tIn tm(In' - In) tmfzn'- In) -- In't(m-⇒n' -(m-E)n

Gauss elim m times : #multldov .. m (In' th2- In) = In'trun2- In
# addldiv : m(InstIn2- In) =Fn3tZn2 -Fmn



Problem 5. MATLAB demo of LU factorizations and how pivoting is ingrained in the lu(A).
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Seerecording , and posted Matlab file on b courses .


