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Spring 2021

Problem 1. Let f : R ! R be f(x) = ex + x. Show that f has exactly one root.

1

Show f has at least one roof ; Use the IVT :
if SCA and 8lb)

have opposite sign (and S is continuous , then F ceca ,
b) such that

His = O
.

x = O : f-(o) = eOt 0=1 so

x= - l : ft-1) = e-
'
- I 21-1=0
-

< e°= to

IVT⇒ Feel- I , o) sit. Fcc)=D (at least one root) .

Show f has atmost one root : Monotone functions can only have one zero .

f- ' G) = ex tf > I s O
,
so our function ismonotone ✓

Use Rolle's Theorem to prove this :

Assume for contradiction that f has more than one root, at let

Xi tha be two of them
.

(we can assume x,eh) . Then , Heil = ShikO,

so by Rolle's theorem ,
F eeGi , xD such that f

'

Ce) = O
.
but

we know 867 - ee th s I
,
a
contradiction . . Thus , f has exactly

one root
.



Problem 2 (Section 1.1, #6c). Find maxaxb|f(x)| for the following functions and intervals.

f(x) = x3
� 4x+ 2, [1, 2].

2

Hull has a max at either a min or max of ft)
.

By the Extreme Value Theorem (EVt)
,
the men and max of fu)

on [a, b] occur either at the endpoints , X-- a or x
-

-b
,
or at

critical points (where 84×3=0) .

f-'G) = 3×2-4=0 ⇒ 3×2=4--2×2--31 ⇒ ×=±2Bz

Now
,
x = }B_ re 1.155 is in our interval , so we check :

X =L : flD= 13-4+2 = - I

* 2¥ : HEH P - -4.231+2=-1.079

× = 2 : f(2) = 23-4.272=2

Thus
,
FEI 18431=2



Taylor'sTheorem : FEC
"

[a , b] and 8Mt
"
exists on La , b], x. c- Laid

For all xtfiyb] '
gµ=pnLx)tRnGD
nth taylor poly Temaruder

Pnw = fast f'Go)Lx - xdtttEIG-xopt.at#nIf?Lx-xD
"

and Rn =

t"4Y?# G-xD"'
,
where 5k) is between xoandx

.

""'

: : ; :b
es

Example (pg 9-10 in textbook)

cosas -- I - Iet 'zx3sru(9GB ← Xo- O

x-s

cos (0.017--1-126.01)'t 'T Looks sinless (0.017)

fcosco.ols-d-zco.HN/--ftco.oh3sonC5Lo.oH) f
r a a
exact approx error

want to bound lsrnleslo.com/ for error

Isin left ⇒lsinleslo.com/El9lo.oDljl1sinLxIfafxl⇒ Isin (510.011712-1910.01)/10.01 go.org

f

xo
!
o

•

1=0.01



Generalized Rolle's with n=2
,
so nth =3 points have equal

y-value
'
-

f- 'GD -- fled -0

o.ci:70?s.?a.Wf'
' led -- O

•



Problem 3 (Section 1.1, #13). Find the third Taylor polynomial P3(x) for the function f(x) = (x� 1) ln(x)
about x0 = 1.

(a) Use P3(0.5) to approximate f(0.5). Find an upper bound for error |f(0.5)� P3(0.5)| using the error
formula and compare it to the actual error.

(b) Find a bound for the error |f(x)� P3(x)| in using P3(x) to approximate f(x) on the interval [0.5, 1.5].

3

(a) ful -- Cx- 1) Ink)
.

Find Bex) centered at xo- l .

f-Go) - fu) = O

f'Gros -- In t 'o=InGoSH - Ko - O
8" Go) = # t# = 2

f-'' 'Gros = -Foz -# =-3

f G) = Is tf ← need to bound this.

BK) - I:(x -D2 - I. Lx- 173=1×-132 - IG -133

R
,

= f"÷I Cx - D
"

,
5 is between Xo -- l and X .

X -_ 0.5:

B. (0.57=10.5-172 - Ilo .

S - 17=41+46--4620.3125
f- (0.57--6.5-13110.5)=0.346574

Actual error : IB loss - Ho.SI/-- 0.034074

Error bound: 11310.5) - Ho.SI/--lR.zLo.sJI=fftIy.ICo.s-D4
Bound If'" Edl : f

't' = # t# ,
9 c- Cogs , if

XO

18"" (5)It @¥t÷ys= 112 • guys) is positive
I. and decreasing

11236.SI/E#Co.S-D4 0.292
' '

Error bound
I

' fax at 5=0.5
(b) V-xo-CO.5.l.SI ,

If - B I -_ 1%421=18"Y! (x -D
" "

I
'

,

since 94) is between × and I and xeco.s.l.TT
, we

know 5.G) C- [0.41-5] o!s x! -- I Is

Thus
,
18""GkDl=Fst¥E÷st¥a= 112 .



Problem 3 (Section 1.1, #13). Find the third Taylor polynomial P3(x) for the function f(x) = (x� 1) ln(x)
about x0 = 1.

(a) Use P3(0.5) to approximate f(0.5). Find an upper bound for error |f(0.5)� P3(0.5)| using the error
formula and compare it to the actual error.

(b) Find a bound for the error |f(x)� P3(x)| in using P3(x) to approximate f(x) on the interval [0.5, 1.5].

3

(b) V-xo-co.b.l.SI ,
If - B I -_ 1123421 -_H"Y! (x -D

" "

I!
Since 94) is between X and I and xeco.rs , 1.55 , we know C- [0.41-5] o!s x! -- I Is

Thus
,
18""GkDl=Fst¥E÷stf⇒= 112 .

So
, If - Pg I III. (x- 134=1316-15's loss" -- 0.292 .

n



Problem 4 (Section 1.2, #3a). Find the largest interval in which p⇤ must lie to approximate p = 150 with
relative error at most 10�3.

4

We want relative error = IPY-ppgt-a.IO -3

p
-

-
150 ⇒ Ipt - Isa
Tso a- 10-32=5 Ipt-1501 ⇐ 0.15

Thus - 0.1Sept- 1502-0.15 ⇒ 149.85 Ep's 150.15



Problem 5. Suppose that ↵n = ↵+O(n�2) as n ! 1. Show that ↵n = ↵+O(n�1).

5

-
there exists

Dein : an -_ at
Ohio) means that Iwo such that

kn - al 's Kuip (for sufficiently large n)

WTI : an -_ atOln
-D <⇒ FK so sit . Ian- deKri!

We knew Lu
-

- at Ohio ⇒ FK>Ost.

Ian- al e-kn-2=17 - King
-I e- K . in -_ Kri '

Thus, an = at Olm) .



Problem 6 (Section 2.1, #6a). Use the Bisection method to find a solution accurate to within 10�5 for the
following problem:

3x� ex = 0 for 1  x  2.

6

Matlab demo (coming soon) .


