
Math 128A: Worksheet #8

Name: Date: March 31, 2021

Spring 2021

Problem 1. Let I(a, b) and I
�
a, a+b

2

�
+I

�
a+b
2 , b

�
denote the single and double applications of the Simpson’s

Three-Eighths rule to
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What does this tell us about estimating the error of our numerical integration?
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-
here

,
k=Cbj#

First
,
we have that Sbafcx)dx= Ica ,

b) - 3hL f'"Ces) for some Seca, bs .

Also
,
from composite three- ergths integration ⇒h

M
$4

fab SCH dx -- Ica .at#tICaE,b)-Cbg-oICEI8'
" (5) for some Fela,b)

.

-

this error term can
bederived

similarly to that of composite Simpson's .

Thus
, Ica

,
b)- ghost"Yes) = Ica , a¥JtI(¥ , b) - 38%-68445)

= ICas attest ICE ,
b) - 3¥08"" (5)

Assuming 5=5 , Ice,
b) - Ila, tatty- I (atte ,

b) aChio- gtfo) SALE) = East h'S
"" (E)

On the otherhand
, 578¥ - Ica ,aid) -ICatz ,b) = ÷h5fL4Y5=E¥ohs8"

" CE)]

Thus
, lsisexldx - Ica, aft) - IGE .bg/=TsfsIohSfHY55f-ts/ICa,bl-ICa,atI)-ICatI , b) I



Problem 2. Consider the integration rule

Z 1

0
f(x) dx ⇡

nX

i=1

cif(xi)

with n nodes x1 < · · · < xn and n weights c1, . . . , cn.

(a) First, suppose that the nodes x1, · · · , xn are fixed. Show that by choosing the weights c1, . . . , cn
appropriately we can always guarantee the degree of precision is at least n� 1.

(b) What is the highest degree of precision we can possibly achieve with n nodes and weights? Show that

it is impossible to have degree of precision higher than that.
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(a) We want to ensure that S! x 's dx -- E
,

axis for oejen- I .

Now
, S! X: dx = IIT lo

'

= ¥ , so we need E.Cixi = Cixi' t - - - ten in =¥
.

for OE jen- I .

We can write this as the following matrix equation:
Xi x: . . . x? c

, I

AE = xi xi - - -
xi a

= ÷
: :

-

.

. : : :

xi
- '

xi
"
. . - in

' en he invertible
t

This matrix equation has a solution for a , . . . .cn as long as the matrix A is nonsingular.
Now

,
notree that the rows of A ane linearly independent : let bio . . . . , bn- i be coefficients s -

t
.

bow . . . . . t b. Lxi . . . . . xist . - - tbn.,Gi
"
. . -

-Ni
- 'I = (o, . . . , OJ ← want to show babe . . .

-but-0

Then
, pay PGD

" "

(boxiotb, Xi't . . . tbn.hr
"'

,
b.oxzotb.kz

'
t - - - tbn-NE!

. . . ,
boxnotb.Hit . . -tbutXi

-1)= (O, O , - - n

,
O)

Letting PCX) -- botb.x t . . . tbn-ex
""

,
we see that x. , . . . , Xn are all roots of P, which are

all distinct
.

However
,
Prs a polynomial of degree at most Cn-D , so itmust bethezero

polynomial.Thus, bo --b. = . . . = bn-i -- O .

Hence
,
the rows of A are linearly independent.

Thus
,
Ars invertible

,
and choosing
c
, I

Cz
= A-

l T
: : s

Cn 'T

we have that the method has degree of precision atleastn-l .



Problem 2. Consider the integration rule

Z 1

0
f(x) dx ⇡

nX

i=1

cif(xi)

with n nodes x1 < · · · < xn and n weights c1, . . . , cn.

(a) First, suppose that the nodes x1, · · · , xn are fixed. Show that by choosing the weights c1, . . . , cn
appropriately we can always guarantee the degree of precision is at least n� 1.

(b) What is the highest degree of precision we can possibly achieve with n nodes and weights? Show that

it is impossible to have degree of precision higher than that.
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(b) This was a homework question .
The highest degree of precision is 2n- I,

which is achieved by Gaussian quadrature (you can transform the integral So'fHdx
to an integral S: St Edt)

.

Indeed
,
this is the highest possible degree of precision .

Let So
'
fG) dx a EI Ci fGi) be an arbitrary integration rule (so a . . . . , en , Xi , . . ., xa are arbitrary) .

Now
, consider PLA = (x-xD? - - (x -xD

,
which has degree= 2n. Then, E. CiPG i)-- O since PGi)-- O

for each i . On the otherhand
,
PG)so ax

,
and PhDs 0 on

any open
interval excluding x , . . . . ,xn.

Thus
, goPGSdx SO ,

so SiPCA dx t.E.ciPGi)
,
so the integration rulers not exact

for PhD
.

SinceP has degree 2n , the degree of precision for the integration rule can be at most 2n-I .

( If the degree of precision d 's 2n
, the any polynomial of degree Ed would be integrated

exactly .

Ped has degree 2nsd , so itmust beintegrated exactly , but we saw that
it is not integrated exactly , a contradiction . Thus, de Zu- l) .



Problem 3. Approximate the integral

Z 1

�1

Z 1

�1
(x2

+ y2) dx dy

using the composite trapezoidal rule with n = 2 subintervals in both the x and y direction.
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Let flx
, y)
-
- arty?. Since n

-

- m--2
,
h= = I

,
k = =L

. Then
,

I
,
¥
, (x2ty2)dxdy=f!fifty)dxdy

= HIGH-t-Dt2 flo,#SHI . - 1)+284,01+4510,01+274,011-1861,172810,Dtlfll ,D)
= ( 2T 2. It 2T 2- It 4.Ot 2- It 2 t 2. It2)
= # (Gt4+6) = ¥ = 4

This is most exact. The error term is given by

E =
-

(d-c) (b - a) z Zf z y

ich ¥4 .
mltk 836in'S]

Here
,
¥fGyI=2 and # flag) -_ 2 ,

so E= - cd-Y{b[h?2tk?D= -GY [2.1+21]
=
- if = -¥

.

Thus
, I

,
f! Lxetyiddxdy = 4-31=83



Problem 4. (a) The error term of approximating the integral
R b
a f(x) dx using composite Simpson’s rule

is given by

�b� a

180
h4f (4)

(µ)

where h denotes the length of the subintervals into which [a, b] is divided. In order to compute an

approximation of the integral via composite Simpson’s rule we need to evaluate the function f a certain

number of times. Call this number N . Express N in terms of h. How does the error depend on N?

(b) The error term for approximating the double integral
R b
a

R d
c f(x, y) dx dy using double Simpson’s rule is

given by

� (d� c)(b� a)

180
h4
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@4f

@y4
f(⌘0, µ0

)

◆
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Here the length of the subintervals in both x and y direction is given by h. Again, let N denote the

number of times we need to evaluate f in order too compute the approximation. Repeat the same

exercise. Express N in terms of h and the error in terms of N .

(c) What do you observe? What problem might we encounter when integrating a function f(x1, . . . , xn) on

a high dimensional domain?

4

I n= 4

iii. res .

(a) When in one-dimension
,
we have that h = but , where n is the #ofsubmittervats .

The number of points evaluated at is N-- htt , so N -

= t 1
,
or h= BIT .

Then
,
the error is givenby

E = -% (FF)
"
f
"'
Cn) =

- 48-7 ¥4 f"" lol ,
so E =OH

.

(b)
.

When in two - dimensions
, we

have that h = b÷ = d¥ , where n, is the # of intervals
in the x-direction and nz is the# of intervals in the y-direction. Then , the number

of points in
the x-direction is N ,

= n it1 and the number of points in the y-direction is Nz=nztl . Thus,
the total # of points on the grid is N-- N .

-Nz = ( Fn t t) (
'

dit t t)
.

Thus
,

his =f÷=E÷E÷T= I -

- itI¥fnTT
thence

,

E --
-ub ut (Y÷hwY (84¥en,as + IT in:oil)

Thurs
,
E = Of've)

(c) Since in l-d the error is ONG) and in 2- d the error is OH
,
the error in 2-d

decreases much slower with the number of points N atwhichwe evaluate. Thus, youneed
to do a lot more computation on the 2-d case to get thesameerror.
This becomes even slower inhigher dimensions n, as the errorbecomes O (¥) .



Problem 5 (4.8, #9-ish). Use Algorithm 4.4 (Simpson’s Double Integral) with n = m = 14 to approximate

Z Z

R
e�(x+y) dA

for the region R in the plane bounded by the curves y = x2
and y =

p
x.

5

First
,
we want to figure out R by finding where x2 andrx intersect:

Tx = x2

X = x
4

0=+4 - x = x 43-D= x G - 1) (x'txt)
Thos occurs when x -- O and x=L

.

Then
,

i -

c!
""

das--E

me:
""

• I

1

Then
,
SS re

-↳to'dA- S! S!!!! e-Gtd dydx
MATLAB demo : use simpsondouble.m with flu ,y)

-

- e
- H'T!

(G) = x2
,
d = Tx

,
a
-

- O
,
b =/

,
n -- m= 14

.

Then
, SS e-

↳teddy dx - O . 1479103
R

According to Mathematica , Ssp e-
"T'dydx = 0.14947753



Problem 6 (4.9, #1c). Use the Composite Simpson’s rule with n = 8 to approximate

Z 2

1

lnx

(x� 1)1/5
dx.
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Incl tut -- u-¥t¥ - Ift . . .

Singularity at x-- l : Want 4 -thTaylor polynomial of Inks around x-- I .
InG) = In(thx-D) = (x-D -↳ t ¥3 - KYI't . . .
Pyu) -- Cx-Dic' + GII -

Idea : Si '¥¥sdx=Si¥¥sdxtSih¥¥d×
First integrate (not numerically)

J! dx = [(G- 13415 - 4-7-9*+4-Y
"'s.

-

G-Y'
"5) d,

=⑤ex- 13915 - FADIL + fat - E,
"s

)?
= [Iq - Igt ! - 20.412620092

Now
,
define

GG) = {
"YE'T, iexez

O X =/

Then
, using Composite Simpson's with n=8 (h -- 2ft =L) :
2

I 4 2 4 2 42 4 I§ GLA DX 20.0203547013.

I l l l l l l l l
l l 1.25 1.5 1.75 2

Thus
,

Si sdx -- SIG dxi-S.IE#iisdx
20.0203547013 t 0.4126200919=0.4329747932


